The forward-backward ͑FB͒ version of the semiclassical ͑SC͒ initial value representation ͑IVR͒ is used to study quantum coherence effects in the time-dependent probability distribution of an anharmonic vibrational coordinate and its quenching when coupled to a thermal bath. It is shown that the FB-IVR accurately reproduces the detailed quantum coherent structure in the weak coupling regime, and also describes how this coherence is quenched with an increase of the system-bath coupling and/or the bath temperature. Comparisons are made with other approximations and the physical implications are discussed.
I. INTRODUCTION
An accurate description of quantum effects in polyatomic molecular system is a challenging task in chemical reaction dynamics. Though considerable progress has been made in the recent years on rigorous quantum-mechanical methods, 1 they are at present only applicable to relatively small molecular systems. One is thus necessarily interested in developing and applying useful approximations to treat more complex systems, i.e., those with many degrees of freedom. Semiclassical ͑SC͒ initial value representations ͑IVR͒, 2 provide an approximate way of including quantum effects into classical molecular-dynamics ͑MD͒ simulations, and are currently undergoing a rebirth of interest in this regard. [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] A number of recent applications [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] have shown the SC-IVR to be of good accuracy for a wide variety of phenomena. The primary remaining challenge is to make SC-IVR approaches practical enough for application to complex molecular systems.
Essentially all dynamical quantities of interest in a complex molecular system can be expressed in terms of a time correlation function of the form 14 
C AB ͑ t ͒ϭtr͓Â e iĤ t/ប B e
ϪiĤ t/ប ͔, ͑1.1͒
operator Â typically involves the Boltzmann operator of the complete molecular system, and B often only a few ͑perhaps collective͒ variables. A semiclassical approximation for C AB (t) can be obtained by using the IVR for the time evolution operator e ϪiĤ t/ប , the Herman-Kluk 3 or coherent state version of which is given by e ϪiĤ t/ប ϭ͑2ប ͒ ϪN ͵ dq 0 ͵ dp 0 C t ͑ p 0 ,q 0 ͒e iS t (p 0 ,q 0 )/ប ϫ͉p t q t ͗͘p 0 q 0 ͉,
͑1.2͒
where N is the number of degrees of freedom, (p 0 ,q 0 ) are initial momenta and coordinates for classical trajectories, p t ϭp t (p 0 ,q 0 ) and q t ϭq t (p 0 ,q 0 ) are the classically timeevolved phase space variables, S t (p 0 ,q 0 ) is the classical action integral along the trajectory, and C t (p 0 ,q 0 ) is the preexponential factor determined by the following combination of the monodromy matrix elements:
C t ͑ p 0 ,q 0 ͒ϭͱdet ͫ ͪͬ .
͑1.3͒
In the above expression ␥ denotes a N-dimensional diagonal matrix, with element ␥ i being the width parameter for the coherent state of the ith degree of freedom. The coordinate space representation of an N-dimensional coherent state is the product of N one-dimensional minimum uncertainty wave packets
Since the Heisenberg time evolution in Eq. ͑1.1͒ involves two time evolution operators, use of the IVR for the propagators, Eq. ͑1.2͒, leads to the following double phase space average for the time correlation function
͑1.5͒
The practical difficulty with the above formulation is that the integrand in the double phase space average is highly oscillatory and amplified by pre-exponential factors C t (p 0 ,q 0 ) and C t (p 0 Ј ,q 0 Ј) that can become large. To sidestep this problem, a linearized approximation to the SC-IVR expression in Eq. ͑1.5͒, the LSC-IVR, was introduced, 15 whereby all the relevant quantities in the integrand are expanded to first order in the difference variables p 0 Ϫp 0 Ј and q 0 Ϫq 0 Ј . The integration over these difference variables can be carried out analytically, which yields the following much simpler classical-looking expression for the correlation function, for Eq. ͑1.1͒:
where A w and B w are the Wigner transforms of operators Â and B . That is, this linearization of the SC-IVR leads to the ''classical Wigner'' model that has arisen before from a variety of different approaches. 16 Application of this approximation to several interesting condensed phase problems 15, 17 was quite successful; it is in general good for short time and has, therefore, been useful in defining an approximate quantum version of transition state theory 18 ͑for which C AB is the flux-flux autocorrelation function 19 ͒. A more thorough analysis, 20 however, showed that the LSC-IVR is incapable of describing quantum coherence effects in the longer time dynamics. This motivated the development of the forwardbackward ͑FB͒ IVR 21 that goes beyond the linearized approximation, yet is still more efficient than evaluating Eq. ͑1.5͒.
The FB-IVR approach 21 for time correlation functions utilizes an idea introduced by Makri and Thompson for numerical evaluation of influence functionals in path integral calculations, 22 namely to combine the forward and backward time evolution operators into one semiclassical time propagation. In the FB-IVR, the operator product e iĤ t/ប B e and/or coordinates jumps at time t ͑the effect of operator B ͒, and then evolve backward from t→0 ͑the action of operator e iĤ t/ប ͒. The benefit gained from the FB-IVR, besides reducing the dimensionality of the phase space integral, is that there is a partial cancellation of the phase of the integrand and the magnitude of the pre-exponential factor, thus greatly improving the numerical properties of the integrand. Application of the FB-IVR to several problems-femtosecond photoelectron spectroscopy of I 2 Ϫ , 9 molecular energy transfer, 9 thermal rate constant calculation using flux correlation function, 23 and diffraction through a two-slit coupled to a thermal bath 24 -have shown that it is capable of describing quantum coherence effects quite accurately.
In this paper we apply the FB-IVR to the study of a generic vibrational relaxation process of a diatomic molecule coupled to a cluster or condensed phase environment, modeled here as a bath of harmonic modes. These processes, which are of fundamental importance for many chemical reactions in solution, have been intensively studied in the recent years, both experimentally and theoretically ͑for some recent reviews see, for example, Refs. 25-28͒. Many of these investigations have focused on the calculation or measurement of vibrational relaxation rates. With the availability of ultrafast spectroscopy techniques, however, more specific dynamical information can be obtained ͑see, for example, Refs. 29-32͒. Within this context, the question of the observability of quantum coherence and interference effects in a complex system is of interest. In this article, we will study the extent to which quantum coherence/interference structure, present in the wave-packet dynamics of an isolated diatomic molecule, is quenched when the molecule is coupled to a thermal environment.
The quantity of interest for this purpose is the timedependent density for a vibrational coordinate s coupled to a thermal bath
where ͉⌽ 0 ͘ is the initial state for the vibrational coordinate, and H B is the Hamiltonian for the thermal bath with partition function Q B ; note that P t (r) is the correlation function of Eq. ͑1.1͒ with Â ϭe Ϫ␤Ĥ B ͉⌽ 0 ͗͘⌽ 0 ͉ and B ϭ␦(ŝ Ϫr). The structure of P t (r) can reveal ͑vide infra͒ time-dependent information of quantum coherence for the vibrational coordinate s. The purpose of the present work is to investigate the generic character of quantum coherence effects in the probability distribution function P t (r) and the extent to which this is quenched by a bath in various parameter regimes. We will discuss in some detail the accuracy of classical MD simulations which are widely used to study such processes. Section II summarizes the FB-IVR approach for calculating time correlation functions, and Sec. III gives the specifics of our model and the calculational procedure. Section IV presents the results obtained via FB-IVR and their comparisons with other methods. Section V summarizes and concludes.
II. SUMMARY OF THEORY
In order to cast the correlation function C AB (t), Eq. ͑1.1͒, into the form for the FB-IVR, operator B must first be written in exponential form. If B is a local function ͑more general operators can also be treated 21 ͒ of the single variable s(q), which itself may be a function of many of the dynamical coordinates q, then this is accomplished by Fourier transform, i.e.,
where 
͑2.2͒
The correlation function Eq. ͑1.1͒ then becomes
where
The three operators in Eq. ͑2.3b͒ describe, sequentially from right to left, propagation from 0 to t, a momentum jump at time t, and then propagation from t back to 0. The HermanKluk IVR for operator Û (t) thus has the same form as Eq. ͑1.2͒, so that the FB-IVR for the correlation function is
͑2.4͒
The FB-IVR trajectory involved in Eq. ͑2.4͒ begins at tϭ0 with initial condition (p 0 ,q 0 ) and evolves to time t under the molecular Hamiltonian H; at time t the momentum is changed according to
͑2.5͒
and the trajectory is then evolved back to time 0 via the molecular Hamiltonian H, (p 0 Ј ,q 0 Ј) being the final phase point. The action integral S 0 has contributions from these three time steps
͑2.6͒
and the pre-exponential factor C 0 (p 0 ,q 0 ) has the same form as Eq. ͑1.3͒
ͪͬ .
͑2.7͒
At time t when the momentum jump occurs, Eq. ͑2.5͒, the monodromy matrix ͑used to calculate the pre-exponential factor͒ is changed according to
It is clear that if s(q) is a linear function of q, then the monodromy matrix remains the same during the momentum jump.
The forward-backward nature of the trajectory induces, to a great extent, partial cancellation of the phase in the integrand, thus making the calculation much more feasible for complex systems. In situations where operator B only depends on a few collective coordinates ͑which is typically the case for dynamical calculations of complex systems͒, there are only a few more integrals than the ͑single͒ classical phase space integral. Therefore, the FB-IVR provides one of the simplest ways to capture quantum effects via classical MD simulations.
III. DETAILS OF THE CALCULATION
This section defines the specific model we use to study coherence effects ͑and their quenching͒ in the timedependent density of a vibrational coordinate, Eq. ͑1.7͒. Specifics of the FB-IVR calculation are also discussed.
A. The model
We consider a single vibrational degree of freedom ͑which can either describe the vibration of a diatomic molecule or a collective coordinate͒ coupled to a thermal bath, representing the environment ͑e.g., a cluster, a liquid, a surface, a protein, etc.͒. The thermal bath is modeled by a collection of harmonic oscillators, each linearly coupled to the vibrational coordinate. The total Hamiltonian is thus given by 33 The essential property of the harmonic bath is its spectral density 34 J͑ ͒ϭ
which is chosen in the Ohmic form with an exponential cutoff
Here c is the characteristic frequency of the bath, which is chosen as c ϭ20 cm Ϫ1 . is the coupling strength between the bath and the vibrational coordinate, and is varied in this paper in order to investigate the effect of the bath on the coherence of the vibrational motion. The continuous bath spectral density of Eq. ͑3.4͒ can be discretized to the form of Eq. ͑3.3͒ via the relation
where ͑͒ is a density of frequencies satisfying
here chosen as 
where m is the largest frequency of the bath modes considered in the calculation. With the above scheme of discretization, we found that 20-40 modes with m ϭ5 c is adequate to describe the continuous spectral density for the parameters considered in this paper.
B. FB-IVR for P t "r…
The FB-IVR expression for P t (r), Eq. ͑1.7͒, is straightforwardly obtained by applying the procedure described in the previous section for the general time correlation function. It is given by ͑hereafter we set បϭ1͒ 
͑3.10c͒
where u j ϭ␤ j /2, and the width parameters of the FB-IVR coherent states are chosen as
C. Initial condition and time propagation
In the present work, the sampling function of initial phase space variables ͕p 0 ,q 0 ͖ is taken as
where D is the proper normalization factor, and ͗p j0 q j0 ͉e Ϫ␤Ĥ b j ͉p j0 q j0 ͘ is the diagonal part of Eq. ͑3.10c͒,
i.e., the Husimi distribution 35 for the bath Boltzmann operator
͑3.12b͒
One may also use the Husimi distribution ͉͗p 0 s 0 ͉⌽ 0 ͉͘ 2 for the s-degree of freedom so that W(p 0 ,q 0 ) is the Husimi distribution for the overall system. 23 This, however, turns out to be less efficient for the present application.
For the additional integration over the momentum jump variable, p s , the integrand is oscillatory. However, this is a one-dimensional Fourier transform, which is easily carried out by a standard quadrature.
Time propagations of the phase space variables and the monodromy matrix ͑including the momentum jump͒ follow the standard procedure for classical equations of motion. Reference 23 gives the specifics and some variants in this regard, so they will not be repeated here. On the other hand, we would like to discuss a few useful technical points which have not been mentioned previously.
The first technical point is related to the action integral, which is defined in differential form as
i.e., the time derivative of S t has a magnitude similar to the total energy, which can be large for a complex system. In a mass-weighted Cartesian coordinate system with Hamiltonian 
where the integrand is given in Eq. ͑3.17͒. In the above expression, the extra term besides the action integral,
, is actually present in the coherent state matrix elements in Eq. ͑3.10͒. Therefore, not only is easier to integrate, but it also incorporates terms in the FB-IVR phase so that they need not be collected in the final expression. The next technical point is related to the evaluation of the pre-exponential factor C t , Eqs. ͑1.3͒ and ͑2.7͒, where the square root of a complex quantity needs to be evaluated. The standard way of keeping track of the correct branch of the square root is to evaluate C t at sufficiently small time intervals to make sure that it is continuous. This, however, becomes increasingly more difficult as the number of degrees of freedom increases, which can be understood from analysis of a system consisting of N-harmonic oscillators
If the width parameters of the coherent states are chosen as ␥ j ϭ j , it is easy to show that Eq. ͑1.3͒ gives
͑3.20a͒
The correct value of the square-root is of course
͑3.20b͒
but numerically tracking the correct branch of the square root would require a very small time interval for many degrees of freedom. In fact, for a system consisting many degrees of freedom ͑such as considered in this paper͒, the usual way of tracking the phase requires a time interval that is smaller than the propagation time step. On the other hand, if C t is re-expressed as
͑3.21a͒
where D t is defined by
then the phase of D t is much easier to track. For harmonic systems, D t ϭ1, so its phase need not be tracked at all. For a general anharmonic system, one can define D t , Eq. ͑3.21b͒, using the normal mode frequencies so that the major part of the phase of C t is canceled before taking the square root. Our tests show that by utilizing Eq. ͑3.21͒, the time interval needed to keep the phase of C t continuous can be quite large, and it is rather insensitive to an increase in the number of degrees of freedom.
IV. RESULTS AND DISCUSSION

A. One-dimensional vibration
To access the accuracy of the FB-IVR and various other approximations, we first investigate the behavior of P t (r) for the one-dimensional Morse oscillator, where comparisons can be made with the exact quantum mechanical result. Figure 1 shows P t (r) within approximately the first vibrational period ͑the harmonic vibrational period is ϳ156 fs for the present parameter set of I 2 ͒, obtained via the FB-IVR. As described in the previous section, the initial coherent state, ͉⌽ 0 ͘ϭ͉p i q i ͘,p i ϭ0,q i ϭ2.4 Å is placed left to the equilibrium position of the Morse oscillator, s e ϭ2.6663 Å, i.e., the oscillator is initially compressed. At tϭ0, the wave function starts traveling to the right until reaching the first turning point, then returning to the left. Since the potential is anharmonic, P t (r) does not retain the Gaussian form as time increases. However, within the first vibrational period, the structure of the density P t (r) is fairly simple and can be well approximated by the LSC-IVR. Figure 2͑a͒ shows P t (r) at tϭ192 fs, i.e., right after the first vibrational period. At this time very prominent quantum coherent structure appears. Compared with the exact quantum-mechanical result, the FB-IVR does an excellent job in reproducing all the detailed coherent structure, whereas the LSC-IVR completely misses it. More impressive results are shown in Figs. 2͑b͒ and 2͑c͒ , for tϭ640 fs and t ϭ1600 fs, respectively, where even more complicated coherent structure is developed. Though this structure seems ''noisy,'' it represents true quantum interference effects, as seen from the excellent agreement between the FB-IVR and the exact quantum results. The LSC-IVR/classical Wigner model, on the other hand, fails to capture such interference/ coherence, which is expected from previous studies. 20 In the above calculation, 50 000-100 000 trajectories are needed in order to achieve numerical convergence. Another semiclassical approximation, which is widely used in dy- namical simulations for complex systems, is the single trajectory approximation. In this approach, one ͑or a few that can represent the initial wave function͒ frozen Gaussian is propagated via classical mechanics, instead of carrying out the complete phase space integral (2) Ϫ1 ͐dp 0 ͐dq 0 . The initial conditions of the classical trajectory, (p 0 ,q 0 ), are set to the corresponding average values obtained from the initial wave function, e.g., for the present case p 0 ϭp i , q 0 ϭq i .
͑4.1͒
Unlike the LSC-IVR/classical Wigner model, this approximation often exaggerates the coherence. Applying it in the context of the FB-IVR causes even more serious problems, as shown in Fig. 3 . The result obtained from this approximation not only introduces more spurious coherent peaks, but also makes a large part of P t (r) negative, which is clearly unphysical. Thus caution must be taken in interpreting the results obtained from such single trajectory calculations. The structure they show may not be true quantum coherence phenomena.
B. Vibrational relaxation in the presence of a thermal bath
The coherent structure of the molecular vibration, which will persist for infinitely long time if the molecule is isolated, will however, be quenched if the vibrational coordinate is coupled to a thermal bath. The extent of this quenching is investigated here as a function of the bath temperature and the coupling strength between the vibrational coordinate and the bath. Figure 4 shows the effect of the system-bath coupling strength on P t (r) for tϭ192 fs, obtained via the FB-IVR approach. Figure 4͑a͒ is for zero bath temperature, where almost all the coherent structure of P t (r) for the previous one-dimensional vibration is retained, though slightly quenched at a stronger coupling strength. The effect of the coupling strength on P t (r) is more profound at Tϭ100 K, Fig. 4͑b͒ , where a coherent to incoherent transition is observed as the effective coupling strength e ϭ/m s increases. This temperature is still too low, however, to induce complete decoherence, and quantum effects are still quite evident. Figure 4͑c͒ shows P t (r) at Tϭ300 K, where the temperature is sufficiently high that at strong coupling, e ϭ0.25, all the coherent structure disappears. The LSC-IVR/ classical Wigner model is in good agreement with the FB-IVR result at this classical decoherent limit. Figure 5 illustrates the effect of the bath temperature on P t (r), at e ϭ0.15. The transition from coherent to incoherent behavior is apparent as temperature increases. At lower temperatures, there is appreciable quantum coherence/ interference even with a reasonably large system-bath coupling ( e ϭ0.15), which is consistent with the general observation that quantum effects are important for low temperatures. Decoherence is achieved at Tϭ300 K, where the FB-IVR results can be well approximated by the LSC-IVR/classical Wigner model. In this regime, classical mechanics is adequate in describing the dynamics of a complex system. For all the examples considered above, 50 000-100 000 trajectories are sufficient to reach numerical convergences for the longest time ͑1600 fs͒, and fewer trajectories are needed for shorter times. One may note that this number of trajectories for 41 degrees of freedom is the same as for a one-dimensional Morse oscillator presented in the previous section. Indeed, we have found that the forward-backward nature of the trajectories make the integrand much smoother than the usual double phase space average, and thus the number of trajectories is rather insensitive to the increase in the number of degrees of freedom. This property of the FB-IVR makes it promising for treating complex molecular systems.
V. CONCLUDING REMARKS
In this paper, the forward-backward initial value representation ͑FB-IVR͒ has been used to study quantum coherence effects in the time-dependent probability distribution function of an anharmonic vibrational coordinate and its quenching when coupled to a thermal bath. These results should provide a reasonable indication of the level of quantum coherence/interference, and to what extent it is quenched by an environment ͑e.g., a cluster, a liquid, a surface, a protein, etc.͒. Since the FB-IVR is capable of describing these quantum effects, it thus provides a reliable way of knowing when such effects are important ͑or when they are not͒.
If the coupling between the vibrational coordinate and the bath is zero, quantum coherence persists for infinitely long time. The FB-IVR accurately reproduces the detailed coherent structure, even for a reasonably long time. The LSC-IVR/classical Wigner model, however, is only accurate for short time dynamics ͑when coherence has not emerged͒ and is unable to describe true quantum coherence. On the other hand, a single trajectory approximation, where the semiclassical phase space average is replaced by one average trajectory, exaggerates the coherence and also leads to incorrect results. Therefore, caution must be taken in applying various approximations to the study of the vibrational relaxation process if its coupling with the environment is weak. 36 When the vibrational coordinate is coupled to a thermal bath, its dynamics is influenced by the environment and the quantum coherence is quenched at longer time. This is the well-known decoherence effect in a complex molecular system, the extent of which depends on several parameters. In this paper, coherent to incoherent transitions are observed with the increase of both the system-bath coupling strength and the bath temperature. At room temperature and a reasonably large coupling strength, almost all the coherent structure is quenched by the bath. In this regime classical mechanics is a good approximation.
The FB-IVR approach provides an accurate yet practical description of quantum effects for complex molecular systems. For the present problem, 50 000-100 000 trajectories are usually sufficient to achieve numerical convergence, and this number is rather insensitive to the number of degrees of freedom. Though in some regimes classical mechanics is also satisfactory, one does not have a priori information of when this is the case. The FB-IVR can be applied to determine if a certain problem meets such criteria, and thus serves as a more reliable tool in dynamical studies of large systems.
